


is known as the Taylor's remainder R, after n terms and 1s due |-

Schlomilch and Roche.
(i1) Putting p = 1. we obtain ;
n—l [l 2 BJH l
R”_ (1= 1) | e

which form of remainder is due to Cauchy.
(1i1) Putting p = n, we obtain

R, = h, f" (a + 6h), ‘

which 1s due to Lagrange.

Cor. 1. Let x be a pomt of the interval [a, a + h] Let f satisfy
conditions of Taylor's theorem in [a, a + h] so that 1t satisfies th
conditions for [a, x] also.

Changing a + hto xi.e., h to x — a, in (1), we obtain

2 N
f ) =f(a)+(x—a)f'(a)+££:,g)"f" (a)+%Lf"'(a)+ ot

n— L_L@_"_)! 7 _
%f L @) + SR 1?! f"la+0(x-a)],0<0<l.

This result holds V x € [a, a + h]. Of course, 6 may be differe
for difterent points x.

Cor. 2. Maclaurin's theorem. Putting a = 0, we see that
x € [0, A], then

2 3
fO=fO+xf O +57f" ) +57f" () + ... +

n-— |

J_“ LN — xngl—e)”—p 5
("*l)!f (0)+ pn-1)! Ui

which holds when ,
W PP s Continuous in [0, 4], and (ii) f "exists in ]0, Af.

Putting p = 1 and p = n, respectively in the Schlomilch form
remainder

(@ —0) 7° [ (Bx)

p.(n-1)!

we see that Cauchy's and Ldgrange S forms are respectively

n [I % 82” I
n-nr S ®x) and= - 7 (6x).
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' (i) the (n — Dth derivative f" ' is continuous in [a, a + ],

(ii) the nth derivative f" exists in ]a, a + A[.
qnd (iil) P 1S @ given positive integer,
then there exists at least one number, 8, between 0 and 1 such that

v) h2 n-—1
i : 2 h ot
\ f(q+h)—-f(a)+hf (@) +57f" (@) + ...+(n__1)!f ' (@)
(-9 2
R + (fl_l)!p f (a+8h) (1)
The condition (1) implies the continuity of
s " finfa a+h]
Let a function ¢ be defined by
) = o 9
‘fp(x)—"-f(x)+(a+h—x)f’(x)+@—+§h,—llf”(x)+-*-

n-1
+£a—-(tlhf_l%—f”‘l(x)+A(a+h—x)”

where A is a constant to be determined such that

¢(a) = ¢(a + h).
Thus A is given by

n— |

r h*
flath)=f@+hf'(@+5f" (A +...+ (@ + AR

The function @ is continuous in [a, a + h], derivable in Ja, a + hl
and @ (a) = @ (a + h). Hence, by Rolle's theorem, there exists at least

one number, 0, between 0 and 1 such that

@'(a+06h)=0
n-1 *
But (p'(x):%%—f" (x) — pA (a+h—x)p"'l.

l—l g n-—| -
0=¢' (a+8k)=—l—(%'_—1—e))!‘—f” (a+0h)—pA(1-0Y 'K~

il .,
— A = B g (a+6h). for (1 -0) #0and h # 0.

Substituting the value of .A in (ii), we get the required result (1).
(i) Remainder after r terms. The term

B (1 =00 -
T pn-4)! 7@t an),
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